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Characterization of the Folded Johnson Graphs of Small Diameter by
their Intersection Arrays
KLAUS METSCH
It is known that the folded Johnson graphs NJ .2m;m/ with m  16 are uniquely determined as
distance regular graphs by their intersection array. We show that the same holds for m  6.
c© 1997 Academic Press Limited
1. INTRODUCTION
The folded Johnson graph NJ .2m;m/, m  4 an integer, can be defined as follows. Let X
be a set with 2m elements. The vertices of NJ .2m;m/ are the partitions of X into two m-sets,
two partitions being adjacent if their common refinement is a partition of X into sets of size 1,
1, m − 1, m − 1. It is a distance regular graph with diameter d D bm2 c and intersection arrayfb0; b1; : : : ; bd−1I c1; c2; : : : ; cdg, where
bi D .m − i/2; ci D i2; .0  i  d − 1/
cd D

d2; if m is odd;
2d2; if m is even.
Bussemaker and Neumaier [4] proved that the folded Johnson graphs NJ .2m;m/ are character-
ized by their intersection arrays for m  308. Their result was improved to m  16 in [5]. It is
known that there exists more than a thousand distance regular graphs with the same intersection
array as NJ .8; 4/ (see [3]). In this paper we prove the following result.
THEOREM 1.1. The folded Johnson graphs of diameter d  3 are uniquely determined by
their intersection arrays.
The folded Johnson graph NJ .2m;m/ induces the .mm/-grid graph in the neighbourhood of
each vertex. We shall prove two characterizations of the grid graphs. The proofs use algebraic
and combinatorial arguments. For higher values of m, the algebraic arguments are stronger,
and for m  9, the combinatorial arguments will play an important role. The proof of the
theorem is then an immediate consequence of these characterizations and some results obtained
by Bussemaker and Neumaier [4] and Terwilliger [6].
The case m D 5 is still open. If NJ .10; 5/ is uniquely determined by its parameters, it might
be quite difficult to verify, because NJ .10; 5/ has diameter only two, that is, it is a strongly
regular graph.
2. RESULTS NEEDED
Let m  6 be an integer, d :D bm2 c, and suppose that NJ is a distance regular graph of
diameter d that has the same intersection array as the folded Johnson graph NJ .2m;m/. We
have to show that NJ D NJ .2m;m/. In view of Theorem 1 of [1], it suffices to show as in [4]
and [5] that for every vertex x of NJ , the graph NJ .x/ induced by NJ on the neighbourhood
NJ1.x/ :D fy j y  xg of x is the .m  m/-grid graph (see Step 9 in the proof of Theorem 3.3
in [4]).
If x is a vertex, then 0 :D NJ .x/ is a regular graph of valency b0 − b1 − c1 D 2.m − 1/ with
b0 D m2 vertices, and any two non-adjacent vertices of 0 have at most c2 − 1 D 3 common
neighbours in 0. An important fact about 0 is given in the following result of Bussemaker
and Neumaier [4] (see Step 6 in the proof of Theorem 3.3).
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RESULT 2.1. The eigenvalues 2 of the adjacency matrix of 0 satisfy 2  −2− 2
m−3 .
Given an induced subgraph 00 of 0, the adjacency matrix A0 of 00 is a principal submatrix
of the adjacency matrix A of 0. It is well known that, since A0 and A are symmetric, the
smallest eigenvalue of A0 is not smaller than the smallest eigenvalue of A. This will give
strong restrictions.
A quadrangle Q D x1 y1x2 y2 of a graph consists of four vertices x1; x2; y1; y2 such that
d.x1; x2/ D d.y1; y2/ D 2 and d.xi ; y j / D 1 for i; j D 1; 2. A collection of vertices is called
independent, if any two of them are not adjacent. A k-claw C D yu1 : : : uk of a graph consists
of k independent vertices u1; : : : ; uk and a vertex y that is adjacent to all of them. A clique is
a set of pairwise adjacent vertices and an anticlique is a set consisting of independent vertices.
LEMMA 2.2. Suppose that Q D x1 y1x2 y2 is a quadrangle of NJ . Then d.x1; u/C d.x2; u/ D
d.y1; u/C d.y2; u/ for every vertex u at distance one from Q.
PROOF. The parameters of NJ satisfy c2 C 2b1 D b0 C b2 C 2. A result from Terwilliger [6]
(see Theorem 5.2.1 of [2] for a proof) says that the assertion holds for every distance regular
graph of diameter at least three that satisfies this equation. 2
In the following lemma, we collect properties of 0 D NJ .x/.
LEMMA 2.3. The graph 0 D NJ .x/ has the following properties.
(1) 0 has m2 vertices and is regular of valency 2.m − 1/.
(2) Two non-adjacent vertices have two or three common neighbours.
(3) If yu1u2u3 is a 3-claw, then ui and u j have three common neighbours and the two
common neighbours other than y are adjacent to y, 1  i < j  3.
(4) If 2 is an eigenvalue of 0, then 2  −2− 2=.m − 3/.
PROOF. We have seen (1) and (4). In order to prove (2), consider two non-adjacent ver-
tices y1 and y2 of 0. Then y1 and y2 have four common neighbours in NJ and thus at most
three in 0. Suppose that y1 and y2 have a common neighbour x 0 6D x that is not adjacent to x .
Then xy1x 0y2 is a quadrangle. Lemma 2.2 implies that every common neighbour z 6D x , x 0
of y1 and y2 satisfies d.x; z/ C d.x 0; z/ D d.y1; z/ C d.y2; z/ D 2, which implies that x  z.
Thus, the two common neighbours 6D x , x 0 of y1 and y2 lie in 0, proving (2).
In order to prove (3), consider a 3-claw yu1u2u3 of 0. Then u1 and u2 have four common
neighbours in NJ . Consider a common neighbour z 6D x , y of u1 and u2 in NJ . Assume that
z 6 x . Then Q D xu1zu2 is a quadrangle. Since y  x , u1, u2, Lemma 2.2 implies that
y  z, and since x  u3 6 u1; u2, Lemma 2.2 implies that d.u3; z/ D 3. But u3  y  z, so
d.u3; z/  2, a contradiction. Hence z  x . The same argument shows that z  y. 2
In Section 3, we show that every graph that has properties (1), (2) and (3) and furthermore
does not contain a 4-claw is the .m  m/-grid graph. In Section 4, we show that every graph
that has properties (1), (2), (3) and (4) and satisfies m  6 does not contain a 4-claw. Both
results together imply that 0 D NJ .x/ is the .m  m/-grid graph for every vertex x of NJ . As
we have already mentioned, this implies that NJ D NJ .2m;m/ and thus proves the theorem.
3. FIRST CHARACTERIZATION OF SQUARE GRID GRAPHS
In this section, we prove the following proposition.
PROPOSITION 3.1. Let m  2 be an integer and suppose 0 is a graph satisfying (1), (2), (3)
and that 0 has no 4-claw. Then 0 is the .m  m/-grid graph.
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The proof will be obtained in several lemmas.
LEMMA 3.2. Consider a maximal anticlique A of 0 and denote by Fi the set consisting of
the vertices that have precisely i neighbours in A, i  0. Then the following hold.
(a) jAj D m, F0 D A, jF3j D jF1j, and Fi D ; for i  4.
(b) Suppose that a1 and a2 are distinct vertices of A. Then a1 and a2 have three common
neighbours iff all their common neighbours lie in F3.
PROOF. Put fi :D jFi j, and denote by M the set consisting of the ordered pairs .a1; a2/
with different vertices a1; a2 2 A that have three common neighbours. Since A is a maximal
anticlique, we have F0 D A. Since 0 does not contain a 4-claw, we have fi D 0 for i  4.
Hence f1C f2C f3 D m2− jAj. Counting in two ways the number of pairs .y; a/ of adjacent
vertices y 62 A and a 2 A, we obtain f1 C 2 f2 C 3 f3 D jAj  2.m − 1/, since 0 has valency
2.m − 1/. Counting in two ways the number of triples .y; a1; a2/ with y 62 A, a1; a2 2 A,
a1 6D a2 and y  a1; a2, we obtain 2 f2 C 6 f3 D 2jAj.jAj − 1/C jM j from (2). It follows that
f3 D . f2 C 3 f3/− . f1 C 2 f2 C 3 f3/C . f1 C f2 C f3/
D jAj.jAj − 1/C 1
2
jM j − 2jAj.m − 1/C .m2 − jAj/ D .jAj − m/2 C 12 jM j:
Denote by t the number of triples .y; a1; a2/ with y 2 F3, .a1; a2/ 2 M and y  a1; a2. If
y 2 F3, then (3) implies that .a1; a2/ 2 M for each of the six ordered pairs .a1; a2/ consisting
of different neighbours a1; a2 2 A of y. Hence t D 6 f3. On the other hand, if .a1; a2/ 2 M ,
then a1; a2 have three common neighbours, so at most three common neighbours in F3. Hence
6 f3 D t  3jM j with equality iff for every pair .a1; a2/ of M the three common neighbours
of a1 and a2 lie in F3. Using .jAj−m/2C 12 jM j D f3, it follows that jAj D m and 2 f3 D jM j.
Since f1 C 2 f2 C 3 f3 D 2jAj.m − 1/ and f1 C f2 C f3 D m2 − jAj, we obtain f3 D f1.
Consider distinct vertices a1; a2 2 A. If .a1; a2/ 2 M , then 2 f3 D jM j implies that the three
common neighbours of a1 and a2 lie in F3. If a1 and a2 have only two common neighbours,
then (3) implies that these lie in F2. This proves (b). 2
LEMMA 3.3. If A is a maximal anticlique of 0, then every vertex of 0 n A has exactly two
neighbours in A.
PROOF. In view of Lemma 3.2, it suffices to show that every vertex of 0n A has at most two
neighbours in A. Assume that there exists a vertex y that has three neighbours a1, a2, and a3
in A. Then B :D .A[fyg/ n fa1; a2; a3g/ is an anticlique with jAj−2 vertices. Since maximal
anticliques have m vertices, it follows that there exists a vertex b 62 B that is not adjacent to
any vertex of B. Since y  a1; a2; a3, we have b 62 A. Since b has at least one neighbour in
the maximal anticlique A, it has a neighbour in fa1; a2; a3g. We may thus assume that b  a3.
Since ya1a2a3 is a 3-claw and since y 6 b, hypothesis (3) implies that b 6 a1; a2.
It follows that C :D .A n fa3g/ [ fbg is an anticlique. Since jC j D jAj D m, it is even a
maximal anticlique. Since b 6 y, the only neighbours of y in C are a1 and a2. We have
a1; a2 2 A;C , and y is a common neighbour of a1 and a2. Notice that y has three neighbours
in A but only two in C . Apply part (b) of Lemma 3.2 to A and C to obtain a contradiction. 2
LEMMA 3.4. If a1 and a2 are non-adjacent vertices, then a1 and a2 have two common neigh-
bours and these are not adjacent.
PROOF. Let A be a maximal anticlique containing a1 and a2. By Lemma 3.3, every vertex
of 0 n A has precisely two neighbours in A. Lemma 3.2(b) shows therefore that a1 and a2
have only two common neighbours. Consider a common neighbour y of a1 and a2. Then
B :D .A [ fyg/ n fa1; a2g is an anticlique with m − 1 vertices. Since maximal anticliques
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have m vertices, we can find a vertex y0 62 B that is not adjacent to any vertex of B. Then
y0 62 A and y0 has no neighbour in A \ B D A n fa1; a2g. Since every vertex of 0 n A has two
neighbours in A, it follows that y0  a1; a2. Hence y and y0 are the common neighbours of a1
and a2. Since y0 has no neighbour in B, we have y0 6 y. 2
LEMMA 3.5. 0 is the .m  m/-grid graph.
PROOF. We call a maximal clique of 0 a line. Lemma 3.4 implies that adjacent vertices y1
and y2 are in a unique line, which consists of y1; y2 and all vertices that are adjacent to y1
and y2. Since 0 has no 3-claw (this follows from Lemma 3.3), every vertex lies on at most
two lines.
Consider any vertex y. Since y has valency 2.m− 1/ < m2− 1, there exists a vertex y0 that
is not adjacent to y. Then y0 can have at most one neighbour on each line on y, and y can
have at most one neighbour on each line on y0. Since y and y0 have two common neighbours,
it follows that y and y0 must each lie on two lines, and the intersections of the four lines on y
and y0 form a quadrangle.
Hence, every vertex lies on two lines, and if y is a vertex outside a line l, then exactly
one of the two lines on y meets l. It follows that the lines induce on the vertices of 0 an
.r  s/-grid for some integers r; s  2. Since 0 has m2 points and valency 2.m− 1/, we must
have rs D m2 and r C s D 2m. Hence r D s D m, proving the lemma. 2
4. SECOND CHARACTERIZATION OF SQUARE GRID GRAPHS
In this section, we prove the following proposition.
PROPOSITION 4.1. Let m  6 be an integer and suppose that 0 is a graph satisfying (1),
(2), (3) and (4). Then 0 is the .m  m/-grid graph.
We will call property (3) the claw property. In order to prove Proposition 4.1, it suffices to
show that 0 does not contain a 4-claw (see Proposition 3.1). Assume that 0 contains a 4-claw
yu1u2u3u4. We shall derive a contradiction in several lemmas. Put U :D fu1; u2; u3; u4g,
denote by Fi the set consisting of the vertices in 01.y/ n U that have precisely i neighbours
in U , and put fi D jFi j, i D 0; : : : ; 4. For distinct neighbours a; b of y, we denote by 1.a; b/
the set consisting of the common neighbours of a and b that lie in 01.y/. We denote by
k :D 2.m − 1/ the valency of 0.
Condition (4) will be used to show that certain graphs cannot be induced subgraphs of 0 for
large values of m. For example, the first graph of Figure 1, which is the 6-claw, can only be
an induced subgraph of 0, if −2− 2=.m − 3/  −2:449 490, that is, if m < 8.
LEMMA 4.2 (THE QUADRANGLE PROPERTY). Consider a vertex z of 0. Suppose that Q D
a1b1a2b2 is a quadrangle of 0.z/ and consider v 2 01.z/ n Q. Then either v is not adjacent to
any vertex of Q or v is adjacent to exactly two vertices of Q, which are adjacent.
PROOF. Since a1 and a2 have at most three common neighbours, the common neighbours
of a1 and a2 are b1, b2 and z. Hence at most one vertex of fa1; a2g is a neighbour of v
and, similarly, at most one vertex of fb1; b2g is a neighbour of v. Hence v has at most two
neighbours in Q and if so, then the two neighbours are adjacent. Assume that v has a unique
neighbour in Q, say v  a1. Then a1vb1b2 is a 3-claw. Since a2  b1; b2 and a2 6 a1, the
claw property gives a contradiction. 2
LEMMA 4.3.
(a) f0 C f1 C f2 C f3 C f4 D 2m − 6, and f2 C 3 f3 C 6 f4 D 12.
(b) If a1; a2; a3 are three independent vertices of 0.y/, then j1.ai ; a j /j D 2, 1  i < j  3.
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FIGURE 1. Graphs and their smallest eigenvalues. (A circled digit d represents a clique with d elements;
a stroke connecting this circled digit and a vertex v means that every vertex of the clique is adjacent
to v.)
(c) The set 01.y/ nU contains at most .m − 1/.m − 2/− f1 − 2 f2 − 3 f3 − 4 f4 edges.
PROOF.
(a) By definition, f0C f1C f2C f3C f4 D j01.y/nU j D 2m−6. Since, by the claw property,
distinct vertices of U have two common neighbours in 0.y/, we have 2jU j.jU j − 1/ D
2 f2 C 6 f3 C 12 f4. Hence f2 C 3 f3 C 6 f4 D 12.
(b) This follows from the claw property applied to the 3-claw ya1a2a3.
(c) Since f1 C 2 f2 C 3 f3 C 4 f4 is the number of edges with one vertex in U and one in
01.y/ nU , it suffices to show that 0.y/ has at most .m − 1/.m − 2/ edges.
Let D be the set consisting of the vertices not in 01.y/ [ fyg. Then jDj D m2 − 1 − k D
.m − 1/2. For v 2 01.y/, denote by rv the number of neighbours of v in 01.y/ and by sv the
number of neighbours of v in D. Since 0 is regular of valency k, we have rv C sv D k − 1.
The number of edges of 0.y/ is given by 12
P
v201.y/ rv . Since, by (2), each vertex of D has
at least two neighbours in 0.y/, we have
P
v201.y/ sv  2jDj. Hence
1
2
X
v201.y/
rv  12
X
v201.y/
.rv C sv/− jDj  12 j01.y/j  .k − 1/− jDj
D .m − 1/.2m − 3/− .m − 1/2 D .m − 1/.m − 2/:
2
LEMMA 4.4. 0.y/ does not contain five independent vertices; in particular f0 D 0.
PROOF. Assume that 01.y/ has a subset C consisting of five independent vertices. W.l.o.g.
C :D fu1; : : : ; u5g with a vertex u5 2 01.y/. Denote by Gi the set consisting of the vertices
of 01.y/ n C that have exactly i neighbours in C , and put gi :D jGi j, 0  i  5.
From Property (4) we get g5 D 0, since otherwise 0 would have an induced subgraph
isomorphic to the second graph of Figure 1. The arguments used to prove Lemma 4.3(a) show
that
g0 C g1 C g2 C g3 C g4 D 2m − 7 and g2 C 3g3 C 6g4 D 20: ./
First consider the case m D 6. Then ./ gives g4 D 3, g2 D 2 and g0 D g1 D g3 D 0. Since
jC j D 5 and jG4j D 3, there exist distinct vertices u; u0 2 C that are adjacent to every vertex
of G4. Since also u; u0  y, this contradicts (2).
Next consider the case that m D 7. Then g4  1 (otherwise we could find distinct vertices
v; v0 2 G4; then v  v0 by the claw property, since v and v0 have at least three common
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FIGURE 2. Three graphs and their smallest eigenvalues.
neighbours in C ; hence 0 induces on fy; v; v0g [ C a graph isomorphic to one of the last two
graphs of Figure 1, contradicting (4)). Using ./, it follows that g4 D 1, g3 D 4, g2 D 2, and
g1 D g0 D 0. Put G4 D fsg. We may assume that s  u1; u2; u3; u4 and s 6 u5. Every
vertex of G3 has at least two neighbours in fu1; u2; u3; u4g and is thus, by the claw property,
adjacent to s. Since j1.s; u5/j  2, it follows that at least two vertices t1; t2 2 G3 are not
adjacent to u5. Then t1 and t2 have three neighbours in fu1; u2; u3; u4g. Thus there exists two
vertices ui , u j , 1  i < j  4 with ui ; u j  t1; t2. Then t1; t2; s; y  ui ; u j , contradicting (2).
Finally consider the case m  8. Since the 6-claw (see Figure 1) has minimum eigenvalue
−2:449 490, hypothesis (4) of Proposition 4.1 implies that g0 D 0. Furthermore g4 D 0, since 0
cannot induce a subgraph isomorphic to the fifth graph of Figure 1. Hence g1Cg2Cg3 D 2m−7
and g2 C 3g3 D 20. It follows that g1 is odd, so g1  1. We may assume that G1 contains
a vertex u  u1. Since y  u2; u3; u4 6 u5, there exist three vertices a1; a2; a3 6D y that are
adjacent to u5 but not to y. Since ai 6 y, the claw property implies that ai 6 u; u1; u2; u3; u4,
i D 1; 2; 3. If two of the vertices ai are not adjacent, say a1 6 a2, then 0 induces on
fy; u; a1; a2g [ C the third graph of Figure 1, and if any two of the vertices ai are adjacent,
then 0 induces on fy; u; a1; a2; a3g [ C the fourth graph of Figure 1. This contradicts (4). 2
LEMMA 4.5. f4 D 0.
PROOF. Put M :D Su2U 01.u/. It follows from the claw property that every vertex that is
adjacent to at least two vertices of U lies in F2[ F3[ F4[fyg. Hence jM j D 4k− f2−2 f3−
3. f4 C 1/. Recall from Lemma 4.3(a) that f2 C 3 f3 C 6 f4 D 12, which implies that f4  2.
Assume that f4 D 2. Then f2 D f3 D 0 and jM j D 4k − 9 > 3k. It follows that there
exists a vertex c 2 M that is not adjacent to any vertex of F4[fyg. The claw property implies
that c has only one neighbour in U , and that F4 [ fyg is a clique. Hence 0 induces on the set
fy; cg [ F4 [U the first graph of Figure 2. This contradicts (4).
Now assume that f4 D 1, put F4 D fy0g and N :D 01.y/ [ 01.y0/. Then U  01.y0/ and,
by the claw property, F2 [ F3  01.y0/. Hence U [ F2 [ F3  01.y/ \ 01.y0/ and thus
jN j  2k− 4− f2− f3. Hence jM n N j  2kC 1− f3− 3 f4. Since f2C 3 f3 D 12− 6 f4 D 6,
we have f3  2 and jM n N j  2k − 4 D 4m − 8  16. Since F2 [ F3 [ F4 [ fyg  N , the
vertices of M n N have a unique neighbour in U and are not adjacent to y or y0.
Since jM n N j  16, we may assume that M n N contains four vertices c1; c2; c3; c4 that are
adjacent to u4. If two vertices of C :D fc1; c2; c3; c4g are not adjacent, say c1 6 c2, then 0
induces on fy; y0; c1; c2g [ U the second graph of Figure 2. If C is a clique, then 0 induces
on fy; y0g [ C [U the third graph of Figure 2. Hypothesis (4) in Proposition 4.1 implies that
m < 7, that is m D 6.
We have f3  1 (otherwise there would be two vertices in U adjacent to y, y0 and to two
vertices of F3, contradicting (2)). From Lemma 4.3(a) we get f1 D f3 D f4 D 1 and f2 D 3.
Put F1 D fu01g and F3 D fzg. We may assume that u01  u1. Then the set U 0 :D fu01; u2; u3; u4g
is independent. Repeating the argument used for U , we can show that at most one vertex of
0.y/ is adjacent to every vertex of U 0.
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FIGURE 3. Two graphs and their smallest eigenvalues.
Lemma 4.3 says that F1 [ F2 [ F3 [ F4 contains at most six edges. Since, by the claw
property, the vertex y0 is adjacent to the four vertices of F2 [ F3, it follows that u01 has at
most two neighbours in F2 [ F3 [ F4. On the other hand, since U 0 is independent, the claw
property shows that u01 and ui have two common neighbours in 01.y/ and thus in F2[F3[F4,
i D 2; 3; 4. It follows that u01  z; y0 and that z  u2; u3; u4. But then z and y0 are two
vertices that are adjacent to every vertex of U 0, a contradiction. 2
LEMMA 4.6. If f3 > 0, then m  8.
PROOF. Assume that m  9 and z 2 F3. W.l.o.g. z  u1; u2; u3. Put Xi :D 01.ui / n
fy; zg; X :D X1 [ X2 [ X3 and W :D X n .01.y/ [ 01.z//. Then y, z 62 W and jXi j D k − 2.
For 1  i < j  3, the vertices ui and u j have three common neighbours, two of which are y
and z. Hence jXi \ X j j  1. It follows that jX j  3.k−3/. Since z; u1; u2; u3; u4 2 01.y/n X
and y; u1; u2; u3 2 01.z/ n X , we have jW j  jX j − .k − 4/ − .k − 5/  k. If w 2 W , then
w 6 y; z and thus the claw property implies that w has at most one and thus exactly one
neighbour in fu1; u2; u3g. Let Wi be the set consisting of the vertices of W that are adjacent
to ui .
Since jWi j  jXi j D k− 2; jW j  k D 2.m− 1/  16, and W D W1 [W2 [W3, it is no loss
of generality to assume that W1 6D ; and jW2j  6. Consider a vertex w 2 W1. Since w 6 u2,
there exist three vertices v1; v2; v3 2 W2 that are not adjacent to w. If two vertices vi and v j
are not adjacent, then 0 has a subgraph isomorphic to the first graph of Figure 3, and if any
two of the vertices vi are adjacent, then 0 has a subgraph isomorphic to the second graph of
Figure 3. This contradicts hypothesis (4) in Proposition 4.1. 2
LEMMA 4.7. m  9.
PROOF. Assume that m  10. By Lemmas 4.3, 4.4, 4.5, and 4.6, we have f3 D f4 D f0 D 0,
f2 D 12 and f1 D 2m − 18  2. Denote by gi , i D 1; 2; 3; 4, the number of vertices of F1
that are adjacent to ui and assume w.l.o.g. that g1  g2  g3  g4. Then g3  13 f1.
Put Hi D 01.ui / n .01.y/ [ fyg/, i D 1; 2; 3; 4. Since j1.ui ; u j /j D 2 for i 6D j , every
vertex of U has six neighbours in F2. Hence ui has 7C gi neighbours in 01.y/ [ fyg. Thus
jHi j D k − 7 − gi D 2m − 9 − gi , so jH4j  jH3j  43 m − 3 > 10. Since f1  2, we have
g1C g2  2. Hence F1 contains two vertices u and u0 that are each either adjacent to u1 or u2.
Consider two vertices a3; b3 2 H3. Then a3; b3 6 y, so a3; b3 6 u1; u2; u4; u; u0 by the claw
property. Since a3; b3 6 u4, at most six vertices of H4 are adjacent to a3 or b3. Hence we can
find two vertices a4; b4 2 H4 such that a3; b3 6 a4; b4. As before it follows from the claw
property that a4; b4 6 u1; u2; u3; u; u0.
If u and u0 have the same neighbour in fu1; u2g, say u; u0  u1, then they are adjacent by
Lemma 4.4, since otherwise u; u0; u2; u3 and u4 would be five independent vertices of 0.y/.
If they have distinct neighbours in fu1; u2g, then they might be adjacent or not. This gives
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FIGURE 4. Graphs and upper bound for their smallest eigenvalues (a dotted line means that the edge
might be there); the bound is obtained if a3  b3 and a4  b4.
three possibilities for u and u0 as illustrated in Figure 4. We also do not know whether fa3; b3g
or fa4; b4g are edges or not. Anyway, 0 induces on M :D fy; u; u0; a3; b3; a4; b4g [U one of
the graphs of Figure 4. This contradicts hypothesis (4) of Proposition 4.1. 2
LEMMA 4.8. f3  2.
PROOF. Since f2 C 3 f3 D 12 (Lemma 4.3), we have f3  4. The claw property implies
that F3 is a clique. Assume that f3  3. By Lemma 4.3(b), two distinct vertices of U have
two common neighbours in F2 [ F3. Since f3  3, it follows that it is impossible that two
vertices of F3 have the same neighbours in U .
First consider the case that f3 D 4 and put F3 D fv1; v2; v3; v4g. W.l.o.g. vi  u j iff i 6D j .
Then v1; u1  v2; v3; v4; y. Since v1 6 u1, this contradicts (2).
Now assume that f3 D 3. Put F3 D fv1; v2; v3g and F2 D fa12; a13; a23g. We may assume
that vi  u j iff i 6D j . Since distinct vertices ui have two common neighbours in F2 [ F3, it
is then no loss of generality to assume that ai j  uk iff k 2 fi; jg. The claw property shows
that v1  a23; v2  a13, and v3  a12. Since v1 6 u1, we have j1.v1; u1/j  2. Hence
1.v1; u1/ D fv2; v3g and thus v1 6 a12; a13. Similarly v2 6 a12; a23 and v3 6 a13; a23. Since
a13 6 v3, we have j1.a13; v3/j  2 and thus 1.a13; v3/ D fv2; u1g. Since a12  v3, we obtain
a12 6 a13. The same argument shows that a12 6 a23.
Since a12; u3, and u4 are independent, we have j1.a12; u3/j D 2 by the claw property. Since
a12 6 a13; a23; v1; v2 and u3 6 v3, it follows that 1.a12; u3/  F1. Thus two vertices of F1
are adjacent to u3. Similarly, F1 contains two vertices that are adjacent to u1, and two vertices
that are adjacent to u2. Hence f1  6. Since f1 C f2 C f3 D 2m − 6 and f2 D f3 D 3, it
follows that m  9. This contradicts Lemma 4.6. 2
LEMMA 4.9. If f3 D 2, then the two vertices of F3 do not have the same neighbours in U .
PROOF. Put F3 D fv;wg and assume that v and w have the same neighbours in U , say
u1; u2 and u3. Then v  w by the claw property. Denote by X the set consisting of the
vertices other than y; v and w that have a neighbour in fu1; u2; u3g. Since the common
neighbours of ui and u j , i 6D j , are y, v and w, we have jX j D 3.k−3/. Denote by W the set
consisting of the vertices of X that have no neighbour in fy; v; wg. Since v;w; u1; u2; u3; u4 2
01.y/ n X , and y; w; u1; u2; u3 2 01.v/ n X , and y; v; u1; u2; u3 2 01.w/ n X , we have
jW j  jX j − .k − 6/ − 2.k − 5/ D 7. We may thus assume that W contains three vertices
v1; v2; v3 that are adjacent to u2. Then v1; v2; v3 6 y; v; w and thus, by the claw property,
v1; v2; v3 6 u1; u3; u4. It follows that 0 has an induced subgraph isomorphic to one of the
two graphs in Figure 5.
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FIGURE 5. Two graphs and their smallest eigenvalues.
Now (4) implies that m  7. Since f2 C 3 f3 D 12, we have f2 D 6. Since f1 C f2 C f3 D
k − 4 D 2m − 6, we obtain m D 7 and f1 D 0.
Consider a vertex c 2 F2. Since 1.ui ; u j / D F3 for 1  i < j  3, we see that c
is adjacent to u4 and one vertex of fu1; u2; u3g. W.l.o.g. c  u3. Then u1; u2 and c are
independent and thus j1.c; u1/j D j1.c; u2/j D 2 by the claw property. Let nc be the number
of neighbours of c in F3. Since f1 D 0, we have 1.c; u1/ [ 1.c; u2/  F2 [ F3. Since
1.c; u1/ \ 1.c; u2/  1.u1; u2/ D F3, it follows that c has 4 − 2nc neighbours in F2.
Hence F2 contains 12
P
c2F2.4 − 2nc/ D 12 −
P
c2F2 nc edges. Since v  w, it follows that
F2[F3 contains 13 edges. However, since m D 7, Lemma 4.3(c) says that F2[F3 D 01.y/nU
contains at most 12 edges, a contradiction. 2
LEMMA 4.10. f3 6D 2.
PROOF. Assume that f3 D 2. Lemma 4.6 gives m  8 and Lemma 4.3 gives f2 D 6 and
f1 D 2m − 14  2. Put F3 D fa; bg. Lemma 4.9 says that a and b do not have the same
neighbours in U . Hence it is no loss of generality to assume that
a  u1; u2; u3 and b  u2; u3; u4:
Since j1.ui ; u j /j D 2 for 1  i < j  4, we can put F2 D fa2; a3; b2; b3; c1; c2g with
a2  u1; u2; a3  u1; u3; b2  u2; u4; b3  u3; u4; c1; c2  u1; u4
and these are all adjacencies between vertices of U and F2. The claw property shows that
a  b and a  a2; a3 and b  b2; b3. We consider two cases.
Case 1. c1 or c2 has no neighbour in fa; bg. We may assume that c1 6 a; b. Then j1.c1; a/j 
2 and u1 2 1.c1; a/. Since a  a2; a3, it follows that c1 has at most one neighbour in fa2; a3g.
Similarly c1 has at most one neighbour in fb2; b3g. Since c1; u2; u3 are independent, we have
j1.c1; u2/j D j1.c1; u3/j D 2. Since 1.u2; u3/ D fa; bg, we have 1.c1; u2/ \1.c1; u3/ D ;.
Since f1  2 and because, for i D 2; 3, the neighbours of ui in F2 [ F3 are ai ; bi ; a; b, it
follows that f1 D 2, that c1 has a unique neighbour in fa2; a3g, a unique neighbour in fb2; b3g,
and that 1.c1; u2/ [ 1.c1; u3/ contains F1. In particular, each of the two vertices of F1 is
adjacent to c1 and to one vertex of fu2; u3g.
It follows that the only neighbours of u4 in 01.y/ are b; b2; b3; c1 and c2. Since j1.u1; b/j 
2 and a 2 1.u1; b/, we have b 6 a2 or b 6 a3. W.l.o.g. b 6 a2. Then 1.a2; b/ D fa; u2g and
hence a2 6 b2; b3. Since a2; u3; u4 are independent and thus j1.a2; u4/j D 2, we must have
1.a2; u4/ D fc1; c2g. Since c1; c2  y; u1; u4; a2, we obtain c1  c2 from (2). Since 1.c1; a/
consists of u1 and one vertex of fa2; a3g, it follows that c2 6 a. The same argument shows
that c2 6 b. Hence c2 6 a; b. Repeating the argument used for c1, it follows that c2 is also
adjacent to the two vertices of F1.
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Put F1 D fz; z0g. Then z  u2 or z  u3, so z 6 u1; u4. Hence 1.z; u1/ D 1.z; u4/ D
fc1; c2g. It follows that z 6 a2; a3; b2; b3; a; b, since each of these vertices is a neighbour
of u1 or u4. Hence the only neighbours of z in F2 [ F3 are c1 and c2. Since the same holds
for z0 (so in particular z0 6 a), it follows that 1.a; z/ D fu2g or 1.a; z/ D fu3g. But a; z; u4
are independent and thus, by the claw property, j1.a; z/j D 2, a contradiction.
Case 2. c1 and c2 have a neighbour in fa; bg. We may assume that c2  a. Then 1.a; u4/ D
fb; c2g and thus c1 6 a. Hence c1  b. Since 1.b; u1/ D fa; c1g, we have c2 6 b. It follows
that Q1 D u1abc1 and Q2 D u4bac2 are quadrangles.
Since a2  u1; a, the quadrangle property (Lemma 4.2) applied to Q1 shows that a2 6
b; c1. Hence 1.b; a2/ D fa; u2g. Since b  b2; b3, it follows that a2 6 b2; b3. Hence
a2 6 b; b2; b3; c1. Hence 1.a2; u4/  fc2g [ F1. Since j1.a2; u4/j D 2 (because a2; u3; u4
are independent), it follows that 1.a2; u4/ contains a vertex of F1. Similarly 1.a3; u4/ and
1.b2; u1/ contain a vertex of F1. Hence jF1j D 2, one vertex z of F1 is a neighbour of u4
and the other vertex of F1 is a neighbour of u1. Since 1.a2; u4/ and 1.a3; u4/ contain a
vertex of F1, it follows that a2; a3  z. Hence 1.z; u1/ D fa2; a3g. In particular z 6 c1; c2.
It follows that c1  c2 (otherwise Q :D u1c1u4c2 would be a quadrangle, and, since z  u4
and z 6 c1; c2, the quadrangle property gives a contradiction). Since c2  a, it follows that
c2 2 1.a; c1/. Hence b; u1; c2 2 1.a; c1/. But a 6 c1 and thus j1.a; c1/j  2, a contradiction.
2
LEMMA 4.11. f3 6D 1.
PROOF. Assume that f3 D 1. Then m  8 by Lemma 4.6. From Lemma 4.3, we get f2 D 9
and f1 D 2m − 16. It follows that m D 8 and f1 D 0. Put F3 D fvg and assume w.l.o.g. that
v  u1; u2; u3. Denote the vertex of F2 that is adjacent to ui and u j by ai j ; 1  i < j  3,
and denote the two vertices of F2 adjacent to ui and u4 by ai and bi , i D 1; 2; 3. We have
v  a12; a13; a23 by the claw property.
At most two of the vertices a12; a13, and a23 are adjacent (otherwise we may assume that
a12 is adjacent to a13 and a23; then y; v; a13, and a23 are four common neighbours of the
non-adjacent vertices a12 and u3, a contradiction). It is thus no loss of generality to assume
that a12 6 a13; a23. Since a12, u3 and u4 are independent, we have j1.a12; u3/j D 2.
Since f1 D 0, it follows that 1.a12; u3/ consists of v and one vertex of F2. Since the
neighbours of u3 in F2 are a13; a23; a3; b3 and in view of a12 6 a13; a23, it is no loss of
generality to assume that 1.a12; u3/ D fv; a3g. The quadrangle property implies that v  a3,
since otherwise vu3a3a12 would be a quadrangle with u4  a3 and u4 6 u3; a12.
Put 1.a12; u4/ D fa3; ag. Since 1.a12; u3/ D fv; a3g and a12  a, we have u3 6 a.
Also a  a3, since otherwise a12a3u4a would be a quadrangle and u3 would have only one
neighbour in this quadrangle. Since 1.a3; u1/ D fv; a12g and a3  a, we have u1 6 a.
Similarly u2 6 a. Hence a 6 u1; u2; u3 and a  u4, so a 2 F1. But f1 D 0, a contradiction.
2
LEMMA 4.12. f3 6D 0.
PROOF. Assume that f3 D 0. Since, by Lemma 4.5, we have f4 D 0, Lemma 4.3 shows
that f2 D 12 and f1 D 2m − 18. Using Lemma 4.7, we obtain m D 9 and f1 D 0. Thus
01.y/ D U [ F2. Put 1i j :D 1.ui ; u j / D fai j ; bi j g, 1  i < j  4. Then F2 D fai j ; bi j j
1  i < j  4g. If two different vertices of F2 have no common neighbour in U , then we call
them opposite vertices, and if they have two common neighbours in U , we call them similar.
Now we proceed in several steps.
STEP 1. A vertex of F2 is not adjacent to both of its opposite vertices.
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Assume that the assertion does not hold. Then w.l.o.g. a12  a34; b34. First consider the case
that a34 6 b12. Since u1; u2; a34 are independent and thus j1.a34; u2/j D 2, it follows that
1.a34; u2/ D fa12; zg with z 6D b12. Hence z 2 123 [124. Since 1.a12; u3/ D 1.a12; u4/ D
134, we have z 6 a12. Hence Q :D a12u2za34 is a quadrangle. Since a12 is the only vertex of
Q adjacent to u1, this contradicts the quadrangle property. Similarly we obtain a contradiction
in the case b34 6 b12.
Now consider the case that a34; b34  b12. Then 1.a12; u3/ D 1.b12; u3/ D 134 and
1.a34; u2/ D 1.b34; u2/ D 112. It follows that a23 6 a12; b12; a34; b34. Since 1.a12; u3/ D
1.a12; u4/ D 134, the only vertex of F2 other than a34 and b34 that could be adjacent to a12
is b12. Hence 1.a12; a23/ D fu2g. But a12; a23; u4 are independent and thus j1.a12; a23/j D 2
by the claw property, a contradiction.
STEP 2. Every vertex of U has valency six in 0.y/. If a 2 F2 has valency r in 0.y/, then
one of the following cases occurs.
(1) r D 6 and a is adjacent to its similar and one of its opposite neighbours.
(2) r D 6 and a is neither adjacent to its similar nor to its opposite neighbours.
(3) r D 7 and a is adjacent to its similar but not to its opposite neighbours.
If u 2 U , then 01.y/ \ 01.u/  F2 and thus j01.y/ \ 01.u/j D 6. Consider a 2 F2 and
assume w.l.o.g. that a D a12. Suppose that a12 is adjacent to t of its opposite vertices. Put
s D 0 if a12 6 b12 and else s D 1. Since a; u3; u4 are independent, we have j1.a; u3/j D
j1.a; u4/j D 2 and hence j1.a; u3/ [ 1.a; u4/j D 4 − t . Hence r D j01.y/ \ 01.a/j D
4 − t C s C jfu1; u2gj D 6 − t C s. In view of Step 1, we have t 2 f0; 1g. If t D 0, then
case (2) or (3) occurs. Suppose that t D 1 and assume w.l.o.g. that a12  a34. In order to
show that (1) occurs, we have to show that s D 1, that is a12  b12. But this follows from the
quadrangle property, since otherwise u1a12u2b12 would be a quadrangle satisfying a34  a12
and a34 6 u1; u2.
STEP 3. If a; b 2 01.y/ and a 6 b, then exactly one of the following two cases occurs.
(1) j1.a; b/j D 2 and at least one of a and b has exactly six neighbours in 01.y/.
(2) 1.a; b/ D ; and a as well as b has seven neighbours in 01.y/.
If a or b has only six neighbours in 01.y/, then, since j01.y/j D 2.m − 1/ D 16, we can
find a vertex c 6D a; b in 01.y/ that is not adjacent to a or b. In this case j1.a; b/j D 2 by the
claw property.
Now consider the case that a and b have seven neighbours in 01.y/. Assume that a and b
have a common neighbour in 01.y/. Then we can find again a vertex c 6D a; b in 01.y/ that
is not adjacent to a or b. Put C :D fa; b; cg and let hi , 0  i  3, be the number of vertices
of 01.y/ nC that have i neighbours in C . Then h0 C h1 C h2 C h3 D j01.y/ nC j D 13. Since
c has at least six neighbours in 01.y/, we have h1 C 2h2 C 3h3  7C 7C 6 D 20, and since
any two vertices of C have, by the claw property, two common neighbours in 01.y/, we have
h2C3h3 D 32 D 6. It follows that h1Ch2  20−6 D 14, contradicting h0Ch1Ch2Ch3  13.
STEP 4. Consider v 2 01.y/ and put N1 :D 01.y/\01.v/. If jN1j D 6 and if s is the number
of edges in N1, then exactly 2.s − 6/ vertices of N1 have valency seven in 0.y/.
Put N2 :D 01.y/ n .N1 [ fvg/. Then jN1j D 6 and jN2j D 9. Step 3 implies that every
vertex of N2 has two neighbours in N1. Hence the sum of the valencies of the vertices of N1
is 6C jN2j  2C 2s D 24C 2s D 6jN1j C 2.s − 6/. Since every vertex of 0.y/ has valency six
or seven in 0.y/, the assertion follows immediately.
STEP 5. If a 2 01.y/, then the graph induced on 01.a/ \ 01.y/ is not the hexagon and not
the disjoint union of two triangles.
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Assume that 01.a/\01.y/ is a hexagon or the disjoint union of two triangles. In both cases
we can put 01.y/ \ 01.a/ D fa1; a2; a3; b1; b2; b3g such that ai 6 bi and such that ai and bi
have no common neighbour in 01.a/ \ 01.y/, i D 1; 2; 3. Since a 2 1.a1; b1/, Step 3 shows
that a1 and b1 have three common neighbours, which lie in fyg [ 01.y/.
Consider a vertex z 2 01.a/ n01.y/. Since y and z have at most three common neighbours,
one of which is a, it follows that z has no neighbour in one of the sets fa1; b1g, fa2; b2g and
fa3; b3g. We may assume that z 6 a1; b1. Then aa1b1z is a 3-claw. By the claw property, a1
and b1 have three common neighbours, which lie fag [ 01.a/. Since the common neighbours
of a1 and b1 also lie in fyg[01.y/, it follows that 01.y/\01.a/ contains a common neighbour
of a1 and b1, a contradiction.
STEP 6. Opposite vertices of F2 are never adjacent.
Assume that the assertion is not true, w.l.o.g. a12  a34. Since a12, u3, and u4 are independent
we have j1.a12; u3/j D j1.a12; u4/j D 2. Put 1.a12; u3/ D fa34; z3g and 1.a12; u4/ D
fa34; z4g. Since, by Step 1, a12 6 b34, we have z3 2 113 [123 and z4 2 114 [124. W.l.o.g.
z3 D a23. Then a34  a23 by the quadrangle property, since otherwise a12a23u3a34 would
be a quadrangle with exactly one neighbour of u1. Hence 1.a34; u2/ D fa12; a23g. Similarly,
z4  a34. Since 1.a34; u2/ D fa12; a23g, it follows that z4 6 u2. Hence z4 2 114 and we may
assume that z4 D a14.
Put M :D 01.y/ \ 01.a12/. Step 2 shows that jM j D 6 and a12  b12. Hence M D
fu1; u2; b12; a34; a23; a14g. We have u1  b12  u2  a23  a34  a14  u1. Since M cannot
be a hexagon (Step 5), there is at least one more adjacency relation among the vertices of M ,
and thus M contains at least seven edges. Since, by Step 2, u1, u2, and a34 have valency six in
0.y/, Step 4 implies that M contains exactly seven edges and that exactly two vertices a and
b of M have valency seven in 0.y/. We have a; b 2 fb12; a23; a14g  01.y/ \ 0.a12/. Since
a12 2 1.a; b/ and since a and b have valency seven in 0.y/, Step 3 shows that a  b. It is not
possible that fa; bg D fa23; a14g, because then a23  a14 and a23 and a14 have valency seven,
which is impossible in view of Step 2. Consequently, b12 and exactly one vertex z 2 fa23; a14g
have valency seven and are thus adjacent.
Repeating the argument for the set M 0 :D fu3; u4; b34; a12; a23; a14g D 01.y/ \ 01.a34/, it
follows that b34 has valency seven and that b34  z. Hence b12 and b34 have valency seven
and the common neighbour z. It follows from Step 3 that b12  b34. But then the two non-
adjacent vertices a34 and b12 have four common neighbours, namely y, a12, b34, and z, which
contradicts (2).
STEP 7. If a 2 F2, then a has valency seven iff it is adjacent to its similar vertex.
This follows immediately from Step 6 and Step 2.
STEP 8. There does not exist a vertex in 01.y/ that has valency seven in 0.y/.
We use Step 7 frequently. Assume that the assertion of Step 8 does not hold. Then w.l.o.g.
a12 has valancy seven in 0.y/. Then also b12 has valency seven in 0.y/.
First consider the case that also a23 has valency seven in 0.y/. Then b23 has valency
seven in 0.y/. Since u2  a12; b12; a23; b23. Step 3 shows that a12; b12; a23, and b23 are
mutually adjacent. Hence 1.a12; u3/ D fa23; b23g and thus a12 6 a13; b13. Since a12 has
valency seven and since u1 2 1.a12; a13/, Step 3 implies that a13 has valency six in 0.y/.
Therefore a13 6 b13. Hence u1a13u3b13 is a quadrangle. Since a12  u1 but a12 6 a13; b13,
the quadrangle property gives a contradiction.
Hence a23 has valency six in 0.y/. Similarly, every vertex of 113 [114 [123 [124 has
valency six in 0.y/. Hence the only possible vertices of 01.y/ n112 that have valency seven
in 0.y/ are those of 134.
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Since a23 has valency six in 0.y/, Step 7 implies that Q23 D u2a23u3b23 is a quadrangle.
Since a12  u2, the quadrangle property shows that a12 has a unique neighbour in fa23; b23g.
We may assume that a12  a23. By Step 4, the number of neighbours of valency seven
in 01.y/ \ 01.a23/ is even. However, if 134 contains a vertex z of valency seven, then
z 6 a23 (because Step 6 shows that z 6 a12 and thus Step 3 implies that 1.a12; z/ D ;).
Hence, b12  a23. Similarly, we may assume that a12  a13; a14; a24 and then it follows that
b12  a13; a14; a24. Then y, a12, b12 and u2 are common neighbours of a23 and a24, so (2)
shows that a23  a24. Similarly a23  a13. Now y, a12, b12, a23 are common neighbours of
a13 and a24, so (2) shows that a24  a13. This contradicts Step 6.
STEP 9. If a; b 2 01.y/ and a  b, then a and b have two common neighbours in 01.y/.
Consider first the case that a 2 U . Then b 2 F2. W.l.o.g. a D u1 and b D a12. Then
01.y/ \ 01.a/ D 112 [ 113 [ 114. In view of Steps 7 and 8, we have b 6 b12. Since
u1a13u3b13 is a quadrangle, the quadrangle property shows that b has a unique neighbour
in 113, and similarly a unique neighbour in 114. Hence b has two neighbours in 01.y/\01.a/.
Now consider the case that a; b 2 F2. W.l.o.g. a D a12. Then the set U 0 :D fa12; b12; u3; u4g
consists of four independent vertices of 0.y/. Repeating the argument of the first case replac-
ing U by U 0, we can prove the assertion in the same way. This proves Step 9.
Now we are in a position to derive a contradiction. Put N :D 01.y/ \ 01.u1/. By Steps 2
and 8, we have jN j D 6. By Steps 4 and 8, N contains six edges. By Step 9, every vertex
of N has two neighbours in N . Hence, either N is a hexagon or the disjoint union of two
triangles. This contradicts Step 5, and completes the proof of Lemma 4.12. 2
We have now excluded all possible values for f3. This is the final contradiction, arising
from our assumption that 0 contains a 4-claw. It follows that 0 does not contain 4-claws.
Lemma 3.1 shows that 0 is the .mm/-grid graph. This completes the proof of Proposition 4.1.
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